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Abstract

In this project we study the "Knuth Hanoi Tower", which is motivated by a typo in a paper of
Knuth. This inadvertently typo leads to a new rule of moving the discs on the Hanoi Tower (see

introduction below for definition).

Although seemingly similar to the traditional Hanoi-Tower problem, it turns out that under this
rule the ""Knuth Hanoi Tower" problem consists of amazing properties, and is totally different from
the traditional one.

Our study focuses on the following directions:

(1) Structure analyzing: We analysis the sequences recording the disc moving and offer

enumeration results and recurrsive/non-recurrsive algorithms.

(2) Partition of N: The moving sequence forms a partition (a table) of N, which has an amazing

congruence property.

(3) The order of Fibonacci proper fraction: The row/column of the partition table is, even more
amazing, exactly the order when sorting the Fibonacci proper fraction with fixed

denominator/numerator.

(4) The Restoration of an arbitrary initial state: We offer an efficient algorithm for restoring

any initial state of discs.

We hope that our study on the "Knuth Hanoi Tower" offers a simple, neat, and new example

on the theory of Algorithm, Number theory and Combinatorics.
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"Do people know the ‘Tower of Hanoi’s problem’? You have 3 pegs, and you

have disks of different sizes. You're supposed to transfer the disk from one peg
to another, and the disks have to be sorted so that the biggest is always at the

bottom. You can move only disk at a time.
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1(n,o,0)

2(n-1,1,0)

3(n-2,1,1)
5(n-2,0,2) 4(n-2,2,0)
7(n-3,1,2) 6(n-3,2,1)

9(n-3,0,3) 8(n-3,3,0)

12(n-4,1,3) 10(n-4,3,1)

11(n-4,2,2)

14(n-4,0,4) 13(n-4,4,0)

18(n-5,1,4) 15(n-5,4,1)

17(n-5,2,3)  16(n-53,2)

20(n-5,0,5) 19(n-5,5,0)

21(n-6,5,1)

25(n-6,1,5)

24(n-6,24) 23(n-6,3,3) 22(n-6,4,2)

27(n-6,0,6) 26(n-6,6,0)

fig29 KHG

B. KHG i
AP RL - T Knuth @ P30 F12 % - BE T ARSI - T
AEMBEHBHIE T 8 S - Bk TRPI 0 GR B R ApE
B AR - B i KHG e (7 - R B R E%?lﬁfuerHG -#7 0 &7
Divide Algorithm §v Knuth—1 Algorithm ¢ (v 42 ¢ > TR Bk B e R Ak e
@ % Rug Paving Algorithm » nd (s — 30>+ H_i& 7 F Knuth—1 Algorithm 13k i » 7]
PR RAC R R R A AR SRR S O(n*) s1 Knuth —1 Algorithm % 3 (£ — = »
7347 aiE (T AR Y L esrT Knuth—1 Algorithm 55 ik i F enfie B 5250 £ 41
Fap B s T R F R 9T S o KHG iﬁ? YRR PR R T OGR (T
Divide Algorithm c03%i» 7 o
B 4™  #cn=6 iz W KHG
1. 5 A£F1* Knuth—1 Algorithm §a 1) F AL (e fafiin » & B K% - g
FoPRPEFAFZES) @l KHG
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1(6,0,0)

2(5,1,0)

3(4,1,1)

5(4,0,2) 4(4,2,0)

7(3,1,2) 6(3,2,1)

9(3,0,3) 8(3,3,0)

12(2,1,3)

10(2,3,1)
11(2,2,2)

14(2,0,4) 13(2,4,0)

18(1,1,4)

15(1,4,1)
17(1,2,3) 16(1,3,2)

20(1,0,5) 19(1,5,0)
fig 30 KHG(6)
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KHG Algorithm Analyze
1. struct KHG{ o)
2. inta o(1)
3. int b o) | O() T
4. int c o) )
5.}
6. t<0 O(1)
7.  fori=1ton-1{ O(n)
8. t=t+1 o(1)
0. MOVE(demand[count] ,demandcolumn) o(l)
10. KHG[t], A<~len(ring[k[0]]) o) O(n)
1. KHG/[t], B<—len(ring[k[1]]) o)
12. KHG]t],C<len(ring[k[2]]) o(l)
13. }
14. while ring[k[0]][i] <demand[count]{ O(n)
15, t=t+1] o(1)
16. MOVE(ring[k[0]][i],demandcolumn) o) i
17. KHG/[t], A<len(ring[k[0]]) o) O(n) :—,
18. KHG]t], B<—len(ring[k[1]]) 0(l) Knuth
19. KHG[t],C<len(ring[k[2]]) o) 5P
20. } i
21, t=t+1 O(1) 7
22. MOVE (n1) o(1) m
23. KHG][t], A<len(ring[k[0]]) o) o) e
24. KHG/[t], B<len(ring[k[1]]) o) i
25. KHG[t],C<len(ring[k[2]]) o) ’
26. fori=n-1downto I{ O(n) i
27. while ring[k[0]] [i]<demand[count]{ O(n) 7T
28. t=t+1 0(1) >
29. MOVE((ring[k[0]][i],demandcolumn) o(l) Z
30. KHG[t], A<len(ring[k[0]]) o) °
31. KHG[t], B<—len(ring[k[1]]) o)
32. KHG[t],C<len(ring[k[2]]) o) oin?)
33. t=t+1 O(1)
34. MOVE(demand[count] ,demandcolumn) | O(1)
35. KHG[t], A<len(ring[k[0]]) o)
36. KHG[t], B<—len(ring[k[1]]) o)
37. KHG[t],C<len(ring[k[2]]) Oo(l)
38. }
39. }
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Motivation

In a recent paper [3], Donald Knuth described the Tower of Hanoi as follows:

“You have 3 pegs, and you have disks of different sizes. You’re supposed to
transfer the disks from one peg to another, and the disks have to be sorted on

each peg so that the biggest is always on the bottom. You can move only one
disk at a time.”

This apparent typo received the attention of John McCarthy to raise the query [5]:

what if an order of disks on a peg is acceptable as long as the disk on the bottom is
largest?

In this project, we solve the question completely, among other interesting findings.



Procedures

0. Notations
We summarize the rules in Tower of Hanoi a 14 Knuth:

Rules
1) In initial state. You have 3 pegs A, B, C, and » disks of different sizes are placed in
one peg in order of size.
2) You are supposed to transfer the disks from one peg to another, and you can move
only one disk at a time.
3) On each peg, only the biggest disk is required placed on the bottom while the
remaining disks may be placed in any order.

Throughout the discussion we let n denote the number of disks in the puzzle. The disks
are labeled 1, 2, 3,--+, n according to its ranking in size.

Let L, (k) denote the label of the disk to be moved at step & for a puzzle of n disks. We
list several instances in Table 1.The red numbers represent the disk x is moved for the first
time, they are symmetry point in L,(k).

Table 1(The sequence L,)

1 12131415167 819 101012713 415 1617 181922
L, [1 ]2 |1
Ly |1 12|13 2
Ly |1 12|13 2141213112
Ls [1 (2|1 (312|421 [3|5[3|1]2/4 |21 |3 ]|1]2]1

The method of moving disks is explained in the next section.



1. Intuitions

In Tower of Hanoi a 1a Knuth, it is clear that in order to move disk x to another peg,
we must:

1) move the set A of all disks above disk x to the unique available peg;
2) move disk x;

3) move all disks in A4 on top of disk x.

The disks in 4 are moved fastest follow the “LIFO” procedure (Last in, first out). It is

also clear that once the biggest disk has been moved, the remaining steps are to be taken
symmetrically.

If n =75, then:
1
2 2
3 3 3 3 2 2
4 4 4 4 114 1,41 41 1
5 51 511 2|5 25/ 3 2/5/3 2[5 3 534
initial state step 1 step2  step 3 step4 step5  step 6 step 7
3 3
1 1 1 2 2
12 2 2 2 2 1 21 14
5 3 4//5 345 4 5$ 4//3 5/ 4//3 5/4//3 5/4/35

step8 step9 step 10 step 11 step12  step 13 step 14 step 15

2 2

3 3 3 3
14 4 1 4 1 4 4 4
3/5 235 2 5/ 2/1/5/2/1|5 5

step 16  step 17 step 18 step 19  step 20 step 21
Fig. 1(The operation of puzzle with 5 disks)

In Fig.1, the numbers represent the sizes of disks, and the frames represent pegs.

The number of steps moving 5 disks in the traditional problem of Tower of Hanoi is
31, quite different from the number of steps in our puzzle.



2. Algorithm and Combinatorial Discussion
(1) Algorithm

Based on the above observation, the following algorithm achieving the minimum
number of steps solving the puzzle can be derived; the time complexity is O(n’).

a la Knuth Algorithm

Fori < 1ton-1

Move disk(i) to an empty peg(d)

While disk(j) < disk(i)

Move disk(i) to peg(d)

Next
Move disk(n) to the empty peg
Move the disk(1) to disk(n-1) by the reverse operation

NSRBI~

(2) The Minimum Number of Steps Moving All Disks
Lemma 1
Suppose that n disks are placed on one peg in order of size. Let b, be the minimum
number of steps moving n disks to another peg according to Knuth’s rules, i.e., only the
biggest disk is required placed on the bottom while the remaining disks may be placed in
any order. Let a, be the minimum number of steps moving n disks to another peg with
disks be placed in order of size at the end. Then we have the recurrence relations:
b,=b, ,+n, b =1
a,=2b_ +1 B
Proof
According to the operation of the puzzle, we can derive:
b =b ,+(n-1)+1=b ,+n
a,=b_ +1+b_ =2b  +1 B
Theorem 1
The minimum number of steps moving n disks from one peg to another peg is given

by:

a,=n"—n+1=2C} +1 B
Proof
Solve the recurrence relation in Lemma 1:
a,=2b_, +1
=2[b, , +(n—1)]+1
=a, +2n-2
a,=n*—n+1=2C"+1 B

The number of steps moving n disks in the traditional Tower of Hanoi problem is
2"—1, totally different from our modified game (n*-n+1). Next, we discuss the
mathematical properties in the puzzle.



(3) The Sequences of Recording the Disk Moves

In view of the symmetric properties observed in Table 1, we derive the following
formula:

Formula 1
In the sequence L, (k) , the disk x is moved for the first time at step P, is given by:
2
P = x—Tx-i-Z =Cr+1 .
Proof
We derive it from the symmetric property in L, (k).
142434 +(x—1)+1=x(xT_1)+1 B

According to symmetric property in the puzzle, we notice that disk x is moved for the
first time is a symmetry point in L,(k) (The red numbers in Table 1), this property is
important for us to design algorithms and solve the problem of the closed formula.

Table 1
1 {2 (314|567 89 |10 111213141516 17181912 |21
Ly |12 |1
Ly (1 (2|1 (3|12
Ly (1 (2|1 (3|1 (2421312
Ls |1 |2 (1 (3|1 (2|4 (2|13 |5 (3|1 (2(|4 |2 (1|3 |11]2]1

According to Formula 1 and symmetric property, we derive the non-recursive
algorithm of the sequence of L,,. Its time complexity is O(n°).

Algorithm L,

I. L(m1)«1

m’—m+2
1. ifn>Tthenn<—m2—m+2—n
2. fori =1lton{

2.
3, L(m,* 2’+2)<—i
4. forj =i—1to1step -1
2 . 2 .

5 L(m,l l+2+j)<—L(m,l z+2_j)
6 /

The recursive algorithm of L,(k); its time complexity is O(n°):



Algorithm L, (k)
1. fori=1ton{

2 3
2. if : 2H_2 =n then {
3. Return i
4. exit for
2 3

3. else if Poit2 > n then
6. symmetry <—1i-1
7. exit for
8. }

2 —
9.  ne(n—(n- symmetry ;ymmetrjy + 2))
10. 7}
(4) The Closed Formula

Although L, (k) is formed recursively, we are able to obtain a closed formula. Here [a]
stands for the biggest integer less than or equal to a.

Formula 2
| —1+«/1+8 k-1
L,(k)=|x-2i]+| —— ,x:|: ( )}+1,i:k—Px,Px:C2"+1 ]
x +1 2
[ 2 J

Our method to get L,(k) has three parts:

1) Find the biggest disk x be moved before step k, x is a symmetry point.

2) Use sequence 7(x,7), which equals to the terms after disk x. We can prove it based on
symmetry property in the puzzle.

3)i = k-P, , we can get L,(k) through T(x,7).

Lemma 2
x={—1+‘/1+8(k—1)}+1 -

2

Proof
P <k<P

x+1

2 2

X —x+2ék<x +x+2
2 2

1- 1+28(k—1)gk£1+,/1+8(k—1)

2

. —1+1+8(k-1) Uk<lo 1;8(/{—1)

2

—1+1+8(k-1) k< 1+./1+8(k-1)

2 2




Lemma 3
T(x,i) as:

x-2,x-4, x-6,+++-- ,1,2,4,6,----
X-2, x-4, x-6,+--+ ,2,1,3,5,+++

Proof (Formula 2)

.o

1

—1+/1+8(k-1)

2

T(x,i) =|x—2i|+

, x-1, when x 1s odd;
, x-1,when x is even.

I

}1

m

Based on Formula 1, Lemma 2 ,and Lemma 3, we can obtain the closed formula of L,(k).

3. Partition of Positive Integers

As indicated in Table 2, L,(k) forms a partition of positive integers (The red numbers):
Table 2

(The operation of 10 disks)

2

3

4

5

6

7

8

10

2

4

7

11

16

22

29

37

46

6

10

15

21

28

36

45

35

8

12

17

23

30

38

47

14

20

27

35

44

54

63

18

24

31

39

48

56

26

34

43

53

62

70

32

40

49

57

64

42

52

61

49

76

OO0 ||\ [N [ | [N
~
“w

50

58

65

71

60

68

75

81

1159

66

72

77

12|67

74

30

85

13|73

78

82

14|79

84

88

15|83

86

16 |87

90

1789

18191

In Table 2, k represents the number of disks; s represents the time that disk be moved.



(1) Doubly Periodicity
Table 3 Table 4
(The partition of positive integers) (The result of modulo 5)
2 147 11]16]22]29]37|46 41211 2 14
6 |10 15|21 [28|36|45|55]66
8 | 121172330 |38 |47 |57]|68
9 1420273544 | 54|65|77|90
13 | 18 (2431|3948 |58 |69 |81 |94
1926344353164 76|89 |103|118
2513214014959 [70 82 ]95[109|124
3342521637588 (102{117|133]150
41 |50 60|71 [83]96|110/125/141|158
5162|7487 [101]116/132]149|167|186
| 72 184 |97 7 142|159]177|196
86 [100[115]131)1EE] 166]185/205|226
08 [112]127/143 51411 178]197(217]238
114]130(147 225|247|270
144|161 239261

D [ |

129 146 246

285(309/334
317|343|370
335/361|388
369(397|426
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HHN‘Q&WBGNHHHMG&MBGMH
N[OOI [ (WO WA [(W|[—
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Table 3 becomes Table 4 when the numbers are taken modulo 5.
A striking doubly periodicity thus displayed:
1) If the numbers are read along a fixed column, they repeat themselves every 10
entries.
2) If the numbers are read along a fixed row, they repeat themselves every 5 entries.
Similar phenomena occur when the number 5 is replaced by any integer greater than 1.
This interesting property is summarized by the following theorem.

Theorem 2

Let p be a positive integer greater than 1. In the table displaying the partition of
positive integers associated with the Tower of Hanoi a la Knuth with all entries reduced
by taking modulo p, every column in Table 3 has a period 2p, and every row in Table3
has a period p.

The proof of this theorem depends on the following explicit formula of g(k,s), the
step number when disk k is moved the s™ time in the puzzle:

1. g(k,s)= (S+k_l)(s+k_2)+1+{%k_1}+(—1)5 [E}

2

}H(2s+k—22)(k—1)+(k—1)[1+(—1)5} -

2

2. g(k,s)= S(S2_1)+[



Lemma 4
f(x)=ax*+bx+c,a,b,ceZ

f(x)= f(x+p) (mod p) H
Proof
0 = 2apx+ap®+bp (mod p)
ax’ +bx+c = (ax* +bx+c) +2apx+ap2+bp (mod p)
ax’> +bx+c=a(x+m)’ +b(x+m)+c (mod p)
/()= f(x+p) (mod p) |
Proof (Theorem 2)

Discuss the formula of g(k,s):
(4r—4+k)(k—1) k> +(4r—5)+4r—8r+6
2
(4r+k)k=1) K +@4r—Dk+4r’ —4r+2
2 2

s=2r-1:g(k,s)=2r" —2r+1+

s=2r: gk,s)=2r"+1+
g(k,s)eN, and
k> +(4r—5)+4r" —8r+6
K +4r =Dk +4r —4r+2
Both of them correspond to Lemma 4; every row has a period p.

When we prove the periodicity in every column by the same way, it would get [%]

or [%] in g(k,s); every column has a period 2p. B
(2) The Closed Formula
g(k,s) is the step number when disk k is moved the s™ time in the puzzle
Formula 3
1. g(k,s)=(Hk_l)z(”k_z)+1+[—S+2"'1}+(—1)SH
_ 2\ (k- k—1)| 1+(=1)
. eli)- s(s2 1)+H”+ (25 +k 22)(k N )[2 (-1) | -

In order to obtain these formulas, we have to prove several lemmas.

Lemma S
x=k+s—1 B
Divide L,(k) into groups according to the position of every symmetry point, as in
Fig. 2. Every group has x terms.
We can prove it through symmetric property in L, (k). B

Fig. 2 (The grouping of L,,(k) )



Lemma 6
T7'(x,m)=i 1is the inverse function of T(x,i)=m.
21-[Zlx=m  (mod2)
T (x,m) = 2 2

X, m,
[S1+[5 ) x=m+1(mod2)

Formula 3.1

g(k,s):

(s+k—1)2(s+k—2)+1_{S+2k-1}_(_1)s [ﬂ

Proof
According to Lemma5, Lemma 6, and Formula 1:
g(k,s)=P, ,+T '(k+s-1k)

_ (s+k—1)(s+k—2)+1J{%k-l}+(_l)s F}

2 2

Then, we would like to get recurrence relation of g(k,s).
Listing the difference of any two columns in Table 3, we get Table 5:

Table 5
(Difference of any two columns in partition of positive integers)
2 131451671819

4 1516|7189 10|11
4 1516718191011
6 | 71819 [10]11 1213
6 | 71819 [10]11 1213
819 101112131415
819 |10]11]12 131415

10 |11 |12 13 |14 | 15|16 | 17
10 |11 |12 13 |14 |15 |16 | 17
1211314151617 |18 |19
121314151617 1819
14151617 |18 |19 |20 |21
18 1 1920 | 21
16 [ 171811912021 ]22]23
16 | 1718 |19 |20 |21 |22 |23
181912021 |22 |23 |24 |25
18 11912021 (2223|2425
20 |21 122 123124252627
20 |21 12212312425 26|27
22 123 1241251262728 |29
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In Table 5, we conjecture this regularity:
Row 2r = Row 2r-1 +2
Row 2r = Row 2r+1
To prove this conjecture, we want to Lemma 7:

Lemma 7
Let k. be the difference of disk & is moved the s™ time and (s+1)™ time.

X 1s symmetry point.

(k + l)s—>s+l s—>\+l - {

s—>s+1

2,x=k (mod2)
0,x =k +1(mod?2)
H

Proof
The regularity in Table 5 can be summarized by this mathematical result. Because:

[glk+1,s+1)—g(k,s+1)]-[gk+1,5)—g(k,s)]
=[glk+Ls+1)—gk+1,9)]-[glk,s+1)—g(k,s)]
=(k+1)

s—s+l v—)wl

Then we calculate two condition of Lemma 7 in L, (k).

1) x=k (mod2)

L,k)y: -ooeeeee X eeees Jooodet] o xH] ookt e XD eenneeenn Y SRy
Times s sl s s+l s+2 s+l
Fig. 3
ko =X+ T (x+ 1K) +1-T"(x,k) -1

(k+1), . =(x+D)+T (x+2,k+D)+1-T " (x+ Lk +1)-1

(h+ D),k (x+1+[“2}+[ﬂ}+1—[x—“} ["“} N
2 2 2 2

w{EE
L2 HE R

k =0(mod 2)
(k+1)34)b+1 5%5+l:x7+2+k_x_k+—+l
=2
k =1(mod 2)
(k+1) 00— s—>v+1_xT+1+(k+l) (x+1)— (k- 1)+x71+1

=2



2) x=k+1(mod2)

Lo(k):  oooeeeees Yeeeens VT L SIS [ S ATy DO [V DO Ay S
Times s-1 s s+l s s+l s+2
Fig. 4
ko oq=x+T"'(x+1Lk)+1-T"(x,k)-1
k+1) . =x+D)+T" (x+2,k+D)+1-T"(x+1L,k+1)-1

L el Rl EE e B B
oSG
:{x+2}_2[x_‘*‘1}_2{ﬂ}r2[ﬁ}{f}+l

k =0(mod?2)
_x+1 x—1
(k+1)s~>s+l s~>s+1 _(x+1)_k+k+——|—1
2 2
=0
k =1(mod 2)
(k+D), 00— Hm=X—J£2—x—(k+1)+(k_1)+§+1
Formula 3.2
- _ k-1 1)’
g(k’s)zs(s )J{i} (2s+k 22)(k 1) ( )[2( )J -

Proof
First, we calculate g(1,s):
g(L,s)=P +T"(s,1)
_s(s=1)
)
According to formula2, Lemma 7, and the formula g(1,s), we derive following
recurrence relation:

+[§]+1

1+(-1)°

glk,s)=gk—-1Ls)+s+(k-2)+
Solving this recursion, we derive:

g(k,s)—y{ﬂmmk22><k1>+<k-1>[1+<-1> ] -

2



4. The Ordering of Proper Fractions associated with the
Fibonacci Numbers

We examine this interesting phenomenon:

Here 1s the set of all proper fractions, listed in the order of size, with both the
denominator and numerator taken from the first 8 terms of the Fibonacci numbers 1, 1, 2,
3,5,8,13,21I:

1 1 2 1 3 2 1 3 5 213 8 5 213 8 13 5 2
— <<= <= << =< =< << o< o< o< << o< o< o< =< < =<~
21 13 21 8 21 13 5 13 21 8 3 8 21 13 5 2 S5 13 21 8 3
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

Looking at the fractions with a fixed denominator, say 21: —,—,—,—,—,—, we
21°21°21°21°21° 21
note that they occur at places 1, 3, 5, 9, 13, 19, and these are precisely the numbers in the
first column of Table 3. Similarly, if we look at the fractions with a fixed numerator, say
1:i,i,l,l,l ,1, we note that they occur at places 1, 2, 4, 7, 11, 16, and these are
21°'13°' 8 5°3°2

precisely the numbers in the first row of Table 3. Was this an accident, or some kind of
rule is followed?

Further investigation takes us to this theorem.

Theorem 3
The column/row of the partition table is exactly the ordering sorting the proper
fractions associated with the Fibonacci numbers of fixed denominator/numerator. |}
Proof
We prove this theorem by combinatorial proof.
We construct L,(k) by the symmetric property in the puzzle, and construct the order of
proper fractions associated the Fibonacci numbers by Lemma 8. The methods of

constructing them are the same. |
0 1
(1 1°71
<3<
2, ® $etetde
(3) §4§5§4§ 4) g<%<%<%<%<—<§<%
(4) 2324235324232 (5) Ol 12132135 21
(5) 121312421353124213121 3585578 3 8 5257873
Fig. 5 Fig. 6

(The method of constructing L,(k)) (The order of fraction associated with F})



Lemma 8

a,b,c,deN.a>b,c>d,é<i then2<b+d d B
a C a a+c C

Proof

ab+bc<ab+ad—>é<b+d

a a+c
b+d d

<_
atc ¢

b_b+d d -

a a+c (4

cd+bec<cd+ad —

5. Algorithm of Restoration

Paper [4] offers an algorithm for restoring back to the initial state from any state in
the Tower of Hanoi problem. Its secret is best explained with the state-space graph in
which every point represents a state in Tower of Hanoi. In order to approach the similar
problem for the Tower of Hanoi a 14 Knuth, we have designed a Rug Paving Algorithm. It
turns out that the procedures thus produced correspond to certain paths in a similar state
graph.

(1) Rug Paving Algorithm

According to symmetry and mathematical properties shown in the puzzle, we are
able to design the Rug Paving Algorithm for restoring back to initial state. Its time
complexity is O(n?).

There is no guarantee such an algorithm takes the minimum number of steps.
According to the quantity of all states, if there is an algorithm takes the minimum number
of steps, its time complexity is O(n"). Therefore, Rug Paving Algorithm can solve all
states in the puzzle.

Suppose that we have n disks. Our algorithm has three parts:

Part I (Divide Algorithm):

Our goal is to move the disks so at the end disks #, n-1 and n-2 are each placed on
the bottom of separate pegs. To this end, we need to identify disks, which are visible from
the top, each of which is no smaller than disks lying above. By deleting disks lying below
a visible disk, a new initial state is formed. Applying recursion to all disks S formed by
deleting all disks below the second biggest disk, we may move S to an initially empty peg.
Disk n-2 can now be separated regardless of its initial position.

Part IT (Unrestricted Algorithm):

Leaving disks n, n-1, n-2 fixed, move the rest so at the end disks 1, 2,---, n-2 are
placed in one single peg in the correct order.
Part I1I (a 14 Knuth Algorithm):

To complete the restorations, it remains to move the stacks according to the Tower
of Hanoi a 1a Knuth.
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Divide Algorithm

ring[0...2][0...n]
k[0...2]
count<—1
point[0...n]
max<—0
fori=0to2{
if (ring[i][1]=1){
k[0]<i
else
k[count]<i
count<—count+1

}
}
fori=1to2{
for j = len(ring[k[i]]) down to 0
MOVE(ring[k[i]][j].k[0])
}

count<—(
forj =2 to len(ring[k[0]]){
i<
while i < len(ring[k[0]]) do
max<—Max(max,ring[k[0]][i])
i<«i+1
point[count]<—max
count<—count+1
max<—0

/

i1

count<—count-1

while(ring[k[1]][0] x ring[k[2]][0]!=2) do{
for j = len(ring[k[0]]) down to point[count]

MOVE(ring[k[0][]]],i)

/

i<—(i+1) mod 2

count<—count-1

AN e o e

Unvrestricted Algorithm

fori=1I1to2{
forj = len(ring[k[i]]) down to 0
MOVE((ring[k[i]][j],k[0])
/

count<—()
fori=ndown to I{



7. forj = len(ring[k[0]]) down to demand[count]
8. MOVE((ring[k[0]][i],k[2])

9. MOVE(ring[k[0]][j].k[1])

10. for j = len(ring[k[0]]) down to 0

11. MOVE(ring[k[0]][j].k[1])

12. count<—count-1

a la Knuth algorithm
fori=1ton-1
MOVE(demand[count] ,demandcolumn)
while ring[k[0] ] [i] <demand[count]
MOVE(ring[k[0]][i],demandcolumn)
MOVE (n,1)
fori=n-1down to I{
while ring[k[0]] [i] <demand[count]
MOVE(ring[k[0]][i],demandcolumn)
MOVE(demand[count] ,demandcolumn)

A A o e

10. ;

(2) State Graph

We declare that the puzzle is in the state of
(i, j, k) when pegs A, B, C each contains i, j, k
disks respectively. The states of the puzzle can
now be illustrated as in Fig. 4. We are able to
chart the moves as paths in this graph. The
decision for moving the next disk corresponds to
moving in this graph from one node to its
neighbor. The number of steps in applying the
Divide Algorithm can be reduced by taking this
as a visual guide. Similarly, the graph can serve
as a visual guide in applying the “a 14 Knuth
Algorithm”.

Fig. 7(State Graph)
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State Graph Algorithm
struct State Graph{
inta
intb
int ¢
/

t<0
fori=1ton-1{
t=t+1
MOVE(demand[count] ,demandcolumn)
State Graph[t], A<len(ring[k[0]])
State Graph[t], B<—len(ring[k[1]])
State Graph[t],C<len(ring[k[2]])
/
while ring[k[0] ] [i] <demand[count]{
t=t+1
MOVE((ring[k[0]][i], demandcolumn)
State Graph[t], A<len(ring[k[0]])
State Graph[t], B<—len(ring[k[1]])
State Graph[t],C<len(ring[k[2]])
/
t=t+1
MOVE (n,1)
State Graph[t], A<len(ring[k[0]])
State Graph[t], B<—len(ring[k[1]])
State Graph[t],C<len(ring[k[2]])
fori=n-1down to I{
while ring[k[0]][i] <demand[count]{
t=t+1
MOVE((ring[k[0]][i], demandcolumn)
State Graph[t], A<-len(ring[k[0]])
State Graph[t], B<—len(ring[k[1]])
State Graph[t], C<—len(ring[k[2]])
t=t+1
MOVE(demand[count] ,demandcolumn)
State Graph[t], A<-len(ring[k[0]])
State Graph[t], B<—len(ring[k[1]])
State Graph[t], C<—len(ring[k[2]])




Summary

In this project, we have explored the Puzzle of Tower of Hanoi a 14 Knuth. The
theme is focused on the Computer Algorithm, Number theory, Combinatorics. We have:

1. In the modified puzzle, the minimum number of steps moving n disks is n*-n+1,
totally different from2"-1, the number of steps of the traditional Puzzle of Tower of Hanoi.

2. This puzzle defines a partition of the positive integers and the associated table is
doubly periodic mod p.

3. We prove that the order of proper fraction associated with Fibonacci numbers is
exactly the partition formed by this puzzle.

4. We devise an algorithm to restore the puzzle from an arbitrary state back to the
“all visible from the top” state.

5. In terms of complexity, the traditional Tower of Hanoi requires 2" -1steps, while
the modified puzzle requires n>-n+1 steps. It would be interesting to see if any other
modified puzzles having the degree of hardness lying “in between”. We conjecture that the
intermediate games are realized for puzzles G(k) obeying the rule that the &k biggest ones

be at the bottom, k>2. It would be interesting to see if there are recursive relations among
G(k)’s.



References

[1]T. H. Cormen, C. E. Leiserson, and R. L. Rivest, Introduction to Algorithm, 11, MIT
Press, 123-195, 2001.

[2]R. Graham, D. Knuth and O. Patashnik, Concrete Mathematics, Addison-Wesley, 1989.

[3]1D. Knuth, All questions answered, Notices A.M.S. 49(3), 318-324, 2002.

[4]D. G. Poole, The Towers and Triangle of Professor Claus (or, Pascal Knows Hanoi),
Mathematics Magazine, 67(5), 323-343, 1994.

[5]Problem #10956, Amer. Math. Monthly, Proposed by J. McCarthy, 109(7), 664,
Aug.-Sept. 2002, Solution by M. Stamp (Preprint).



A

Eé,!&

—
i
—

1]

PR S RN (S ER SR > RIS TR (RS
P o (R R SRIBE | ‘%ﬁ[pﬁéﬂ (R ,ir%f[!,yifl B (B EE] 3#
Al T RS L i

T 2
4 ST R ST T

=9 FIF

TR T
TR e -



	將錯就錯的knuth 河內塔
	作者簡介
	摘要
	Abstract
	前言
	研究過程及方法
	結論與展望
	研究心得
	參考資料及其他
	英文
	Motivation
	Procedures
	Summary
	References

	評語及建議事項




